The basic element of a project organizing construction works is a schedule. The preparation of the data necessary to specify the timings of the construction completion as indicated in the schedule involves information that is uncertain and hard to quantify. The article presents the methods of building a schedule which includes a fuzzy amount of labour, time standards and number of workers. The proposed procedure allows determining the real deadline for project completion, taking into account variable factors affecting the duration of the individual works.
INTRODUCTION
Plans of the completion of investment projects are included in the construction organization project, usually in the form of schedules which graphically depict the organization and technology used for the implementation of an investment project in the time function. When preparing a schedule, one needs to consider every stage of its creation in order to gain an optimal effect as close to reality as possible.
The article presents the classical approach to the preparation of a plan of the investment project involving the use of the fuzzy numbers theory at the stage of specifying the amount of work, time standards and the number of workers, and at the stage of estimating the completion timings of individual tasks by turns. Subsequently, reasons for the adoption of this approach are provided andillustrated by a number of practical examples of the model's application. 1 Prof., Eng., Cracow University of Technology, Faculty of Civil Engineering, Warszawska 24,
THE IMPLEMENTATION OF FUZZY SETS IN CREATING AND MODIFYING

CONSTRUCTION SCHEDULES
When beginning to create a schedule of planned construction works, all the necessary tasks are usually divided into several stages. The issues of choosing workers and estimating the tasks completion timings belong to these elements which may cause the most uncertainty at the construction completion planning stage. For this reason they were assumed as the critical elements in the process of creating a work progress schedule.
If one assumes that harmonization specifies an appropriate selection of contractors for the particular tasks connected with the investment project and their synchronization in time, then during the preparation of the schedule one should, in the first place, pay attention to three issues [14] :
x allocating resources for the task to be completed (resource allocation);
x specifying the order of task completions which are independent from the technological point of view but must be tackled successively for organizational reasons (task ranking);
x determining a calendar of task completion (time analysis).
These issues should be solved in the comprehensive way taking into account all the interrelations and dependencies. Typically, a single advantageous solution to only one of the issues never leads to the creation of a good schedule.
Many factors that influence the creation of a schedule are imprecise and hard to quantify. To tackle this sort of tasks fuzzy logic proves especially useful [11, 18] . Many studies attempted to employ the fuzzy sets theory to create construction schedules.
Authors of [7, 8] presented the problem of a schedule preparation that ensured the maximization of the probability of completing a construction in time no longer than the time required, taking into consideration the assumed probability of fulfilling an imprecisely specified limit of accessibility to a particular resource. [9] used the fuzzy sets theory in scheduling construction works by means of the Critical Chain Method.
[15] presented a method which offers insight into the possible deviations and the risk associated with the cost and time of project's completion, as the deviation function and the probability of its occurrence. Using the operations encompassed by the scope of the fuzzy sets theory, the values of deviation and of the risk connected with the cost and time of the investment project were obtained.
The article [8] described the method of fuzzy modelling of the influence of the anticipated interferences on the construction completion time when the data characterising the conditions of the construction were uncertain. The implementation of fuzzy reasoning and fuzzy relations allowed take into account the relations between the possible lengthening of a particular construction time and its sensitivity to the effect of certain factors and subjectively, the influence of the interference on the construction completion time.
In [1] authors analysed the implementation of fuzzy sets in schedule planning when time, costs and resources were limited. [12] presented the usage of fuzzy sets for the assessment of uncertainty caused by the duration of a construction project. In these works fuzzy sets are an alternative to the theory of probability.
In the paper [6] , there was an attempt to introduce the fuzzy random theory into the problem of project scheduling for subscribing the complicated environment with the co-existing uncertainty of randomness and fuzziness. Three types of fuzzy random models, namely: (i) the expected cost minimization model, (ii) the (α, β)-cost minimization model and (iii) the chance maximization model, were built to meet the optimization requirements of decision-makers with different preferences. The problem solved in this paper can be regarded as the extension of the project scheduling problem in a single uncertain environment with randomness or fuzziness, since the fuzzy random models can be degenerated to random models and fuzzy models, respectively. A hybrid intelligent algorithm integrating fuzzy random simulations and GA was also introduced.
ELEMENTS OF FUZZY SETS USED IN SCHEDULE MAKING
In the schema of schedule making proposed in the present article, the notion of the fuzzy number is used. In literature one may find a number of definitions for a fuzzy number. One of the most detailed definitions was proposed by Goetschel and Voxmann [3] . A fuzzy number A is a specific type of a fuzzy set determined on the set of real numbers (X = R), which, additionally, fulfils the following conditions:
x is normal; a set is normal when there exists an argument for which the function takes the value 1;
x is convex, set A is convex when
The model uses the fuzzy numbers with trapezoid and triangular diagrams. The fuzzy number with the trapezoid function is depicted in Fig. 1 . The fuzzy number with a triangular diagram is presented in Fig. 2 . The description of the triangular membership function is also presented in literature in a table of values as in formula 3.2 below.
The fuzzy number can also be interpreted as the four {x 1 , x 2 , x 3 , x 4 }. x 2 and x 3 indicate the interval in which the membership function has the value 1. x 1 and x 4 relate to the left-hand endpoint and the right-hand endpoint of the membership function respectively.
The fuzzy number of the trapezoid diagram can be, therefore, unambiguously specified as a problem of four ordered numbers and recorded as:
A fuzzy number with a triangular diagram can be unambiguously specified as a problem of four ordered numbers and recorded as:
On two fuzzy numbers, A={a 1 , a 2 , a 3 , a 4 } and B={b 1 , b 2 , b 3 , b 4 }, one can perform an operation of addition, subtraction, multiplication and division. They are illustrated by formulas 3.5, 3.6, 3.7, 3.8 [5] .
Addition:
Division:
For the fuzzy number specified in Fig. 1 the sharpening value can be specified as follows [5] :
For the fuzzy number specified in figure 2 the sharpening value can be specified as follows [5] :
THE FOUNDATIONS OF A SCHEDULE BASED ON FUZZY SETS
The base of constructing a schedule is, after establishing the type and the scope of the tasks involved in it, specifying the completion time. In the case of a schedule concerning the completion of a building (that is, an overall progress schedule) the completion time can be specified when the standard work time for a given construction work, the amount of labour and the number of workers involved in the completion of the task are given.
All these components are vital for the assessment of the completion time, but are also hard to specify unambiguously at the investment preparation and schedule building stage. Time standards can be found in various catalogues. Typically, they include specific organizational, technological and equipment-related solutions which, at the investment preparation stage, are even more difficult to predict. What is worth noticing is the fact that the costs of man-hours and machine hours available in the database of standards differ from one catalogue to another; moreover, they are adjusted to an average team of builders working under average conditions. Both the team and the conditions on the construction site may not be average. Thus applying the same calculation of costs for each individual case will not precisely reflect the reality. The construction method of an individual project determines the site labour input and the mix of skills. The increasing use of prefabrication, production activities off-site, and the use of other engineering demanding construction methods would cause an increase in plant and equipment operators and prefabricated elements erectors. The degree of utilization of mechanization and automation also critically influences the labour demand at site level as labor and capital are the major inputs. In general, the greater the input of capital, the less labour is required because automation tends to be labour saving. Labour requirements can also be affected by the management skills of the project team. Better coordination and utilization of the plant and labour on sites leads to a reduction in the manpower requirements.
In Poland a study into the factors influencing employment planning was performed by the authors of the present article. 11 factors were evaluated. The results revealed that the most influential factors included the imposed deadlines for the completion of individual works, the contracted deadline of construction completion, the amount of labour and the technology of construction completion. The least influential factors were the availability of workers, the degree of cooperation between the designer and the contractor, and the value of the contract. The comparison of the Polish and the Hong Kong study has shown that in the latter the factor involving the contract value was rated really high. The difference might be caused by the fact that contract value is not directly associated with employment and that this sort of influence is not always present.
Due to the variety of influences on the number of workers, the number may be specified in a nondeterministic way, using the fuzzy sets and fuzzy numbers theory. It is suggested that the number of workers should be the fuzzy number of the trapezoid diagram.
Therefore, the construction completion time may be specified as:
Where: T i indicates the time of works completion i; n i -the standard (that is, the number of work units completed in a time unit); L i -the number of works; r i -the number of workers employed to complete the work i.
Assuming that the standard and the number of workers are fuzzy numbers with the trapezoid membership function, and the number of works is a fuzzy number with a triangular membership function, the following symbols will be used:
N i = (n i1 ; n i2 ; n i3 ; n i4 ) L i = (l i1 ; l i2 ; l i2 ; l i3 ) R i = (r i1 ; r i2 ; r i3 ; r i4 )
In accordancewith the Eq. 3.7, the product of the standard and the number of works can be calculated as follows:
N i * L i = (n i1 l i1 ; n i2 l i2 ; n i3 l i2 ; n i4 l i3 ) = (nl i11 ; nl i22 ; nl i32 ; nl i43 ) (4.
2)
The time of construction completion can be calculated according to the Eq. 4.1:
; nl i22 / r i3 ; nl i32 / r i2 ; nl i43 / r i1 ) = (t i1 ; t i2 ; t i3 ; t i4 ) (4.3)
AN EXAMPLE OF THE APPLICATION OF THE MODEL
The article assumes that the construction project can be mapped on a one-point network of relations of one initial action S indicating the beginning of the construction with one final action F meaning the completion of a construction. The analysis encompassed actions connected with relationships of the completion-beginning type, as in Fig. 3 . For every work it was assumed that the number of workers is a fuzzy number X={x 1 , x 2 , x 3 , x 4 }. In accordance with Eq. 4.1, the following work completion times were established (Table 1) . Table 2 presents the results of calculations of the earliest and the latest fuzzy project completion deadlines. The calculations were performed in accordance with Eq. 4.1. The proposed method solving the issue discussed in the article consists of a two-stage preparation of a construction project schedule. During the first stage a fuzzy schedule is created ( Fig. 4 and 5) , then during the second stage, on the basis of the fuzzy schedule, an ordinary non-fuzzy one is made (Fig. 6 ). Table 2 . The schedules were created for the earliest and the latest deadlines. Fig. 6 depicts an ordinary schedule obtained from the fuzzy one after sharpening (also according to the earliest and the latest deadlines).
For the sake of comparison and proving the validity of the fuzzy sets theory in scheduling, a traditional schedule was prepared on the basis of real deterministic numbers. Thus for the schema compatible with Fig. 1 , in order to obtain an ordinary schedule the authors assumed the following:
-as a time standard -the average standard (calculated as an arithmetic average of the four standards provided);
-as the number of workers -a constant deterministic number (7 or 6 workers)
-as the amount of labour -the amount resulting directly from the cost calculation.
The data were summarised in Table 4a where the number of workers was 7, and then in Table 4b where the number of workers was 6. Figure 7 . Schedule for the results summarised in Table 5a   Table 4b . Non-fuzzy figures for the relationship network according to Figure 3 Figure 8 . Schedule for the results summarised in Table 5b When performing calculations on real numbers, one can notice that both the standard and the amount of labour result may be directly taken either from the database of standards available or the cost calculation. The only value that allows manipulating the construction completion time is the value specifying the number of workers. This number, in a sense, results from the planner's assumptions. The comparison of Tables 5a and 5b reveals that changing the constant number of workers only by 1, changes the project completion time by 3 days. In the case of the sharpened schedule, the completion time is even longer and equals 25 days. Here the workforce is modelled as a fuzzy number (5, 6, 7, and 8), where resource availability equals to about 6.5, which is comparable to the deterministic example.
CONCLUSION
Plans of the investment project completion are included in the construction organization project, usually in the form of schedules. In the case of a work realization schedule (that is, the general schedule of work progress), the execution time of the individual works can be determined on the basis of the standard time of the works, the amount of works and the number of workers performing the task. Taking into consideration the inaccuracy of the data needed to determine the execution time, it is proposed to apply fuzzy numbers in the calculations.
In the example described above, the rules of a fuzzy schedule construction were presented. This approach was contrasted with a traditional schedule, which clearly demonstrated the superiority of the model applying the fuzzy sets theory. Its structure was based on actions conducted from the beginning to the end on real, deterministic numbers. The results indicated that the construction of the fuzzy schedule taking into account variable factors affecting the duration of the individual works allows for a more realistic determination of the project completion deadline. Table 5a Rys. 7. Harmonogram dla danych zestawionych w Tabeli 5a Table 5b Rys. 8. Harmonogram dla danych zestawionych w Tabeli 5b
Tab. 1. Fuzzy figures in the relationship network according to Figure 3 Tab. 1. Dane liczbowe rozmyte do sieci powiązań według rys. 3
Tab. 2. Summary of calculation results on the basis of Table 1 Tab. 2. Zestawienie wyników obliczeń na podstawie Tabeli Tab. 5a. Summary of calculation results based on Table 4a Tab. 5a. Zestawienie wyników obliczeń na podstawie Tabeli 4a
Tab. 5b. Summary of calculation results based on Table 4b Tab. 5b. Zestawienie wyników obliczeń na podstawie Tabeli 4b
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